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We characterize the different dynamical regimes and bifurcations in the transition from a stationary hexagonal pattern to optical turbulence. In order to characterize the bifurcations we perform linear stability analysis of stationary hexagonal patterns and Floquet analysis of oscillating hexagons. The interplay between space and time leads to a series of bifurcations showing spatial-period multiplying and quasiperiodicity. DOI: 10.1103/PhysRevA.68.011801 PACS number͑s͒: 42.65.Sf, 47.20.Ky, 47.54.ϩr, 89.75.Kd Unlike low dimensional dynamical systems, where different scenarios for the transition to chaos have been established ͓1,2͔, in spatially extended systems the transition from regular stationary patterns to spatiotemporal chaotic regimes is only partially understood. Even the analysis of secondary instabilities of stationary patterns is not a trivial task. Some results have been obtained either using amplitude equations ͓3͔ or symmetry-based approaches ͓4 -6͔. In the first case amplitude equations are obtained close to the primary instability, leading to the formation of the pattern, therefore only secondary bifurcations close to this point can be analyzed. The second is a very powerful mathematical technique that classifies the different ways in which the spatial symmetry can be broken, however, it does not discriminate which one will take place in a specific system. More detailed analysis can be carried out in coupled map lattices ͓7͔, where a simultaneous period and wavelength doubling route to spatiotemporal chaos has been reported.
Experimentally, secondary bifurcations of stationary hexagonal patterns have been observed in a sodium cell with a single feedback mirror ͓8͔ leading to stationary quasipatterns and superlattices, in liquid-crystal light valves leading to stationary superlattices ͓9͔ and chaotic structures ͓10͔, and in hydrodynamic systems ͓11͔ leading to stationary superlattices. Instabilities of one-dimensional ͑1D͒ oscillatory patterns that give rise to additional wave components have been observed in liquid-crystal light valves ͓12͔.
In this paper we analyze the role of the spatial degrees of freedom in the transition from a stationary hexagonal pattern to chaotic hexagons and turbulence in a prototypical nonlinear optical model. In order to characterize different instabilities we perform semianalytical linear stability analysis of stationary hexagonal patterns and more important, Floquet analysis of oscillatory hexagonal superlattices.
We consider a ring optical cavity filled with a selffocusing Kerr medium and pumped by an external field E 0 . In the mean-field approximation, the transverse dynamics of the slowly varying electric-field envelope E(x ជ ,t) is given by ͓13͔ 
The stationary hexagonal pattern can be written as
where a n are complex coefficients, k ជ 0 0 is the homogeneous mode, and k ជ n 0 (nϭ1, . . . ,6) are the fundamental modes of the hexagonal pattern with modulus k h . As this is a subcritical pattern, even at threshold, harmonics have a finite size, which is enhanced by the Kerr self-focusing effect. Therefore, we take into account up to the 5k h (k ជ n 0 for n ϭ7, . . . ,Nϭ90) harmonics.
Linearizing Eq. ͑1͒ around stationary pattern ͑3͒, we ob- 
where the linear operator of the right-hand side has periodic coefficients. Its eigenfunctions (x ជ ,q ជ ) can be written in a Bloch form ͓4͔:
where A(q ជ ,x ជ ) is a function with the same periodicity as pattern E h (x ជ ) and therefore, it can be written as
The stability of E h reduces then to the study of the eigenvalue problem for coefficients ␣ n (q ជ ,t) obtained from Eqs. ͑4͒ and ͑5͒ ͓18͔:
Note that eigenfunctions with different q ជ are uncoupled, except those with q ជ and Ϫq ជ , due to the coupling of ␦E with ␦E* in Eq. ͑4͒. To know the stability of the solution it is sufficient to consider only vectors q ជ inside the first Brillouin zone of the hexagonal lattice defined by wave vectors k ជ n 0 of pattern in Fig. 1͑a͒ . In fact, due to the hexagonal symmetry it is sufficient to consider only 1/6 of the first Brillouin zone. The 2N eigenvalues i (q ជ ) of matrix M (a n ,q ជ ) determine the stability of the pattern against perturbations with wave vectors k ជ n 0 Ϯq ជ . Due to the symmetries of M, these eigenvalues are either real or complex conjugates. We order i (q ជ ) as
For 0.45ϽI s Ͻ0.47, all the eigenvalues have negative real part, except for two zero eigenvalues corresponding to the neutral modes associated with the translational invariance ͑Goldstone modes͒ ͓18,19͔, so the stationary hexagonal pattern is stable. For I 1 ϭ0.470, the hexagons undergo a finite wavelength Hopf bifurcation ͑Fig. 2͒. The unstable mode has a wave vector q ជ 1 ϭ(k ជ 1 0 ϩk ជ 2 0 )/3 located on the vertex of the 
, time evolution of three hexagonal peaks ͑see text͒, and power spectra corresponding to the time trace plotted with a black solid line. The vertical dashed lines in the last column of rows ͑b͒ and ͑c͒ indicate predicted frequencies 1 and 2 .
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first Brillouin zone (͉q ជ 1 ͉ϭk h /ͱ3). As a consequence, hexagons do not oscillate uniformly, instead, they are divided in three superlattices of wavelength 1 ϭͱ3 h corresponding to the unstable eigenmode. The peaks in each superlattice oscillate synchronously. Two of the superlattices oscillate in antiphase at frequency 1 ϭIm͓ 0 (q ជ 1 )͔ϭ1.062 with a relatively large amplitude while the third oscillates at twice that frequency and has a smaller amplitude ͓Fig. 1͑b͔͒. Physically, this reflects an exchange of energy between two of the superlattices, mediated by the third while the total energy remains practically constant. The high Fourier harmonics play an important role in these oscillations. Neglecting or filtering out successive rings of high harmonics shifts the bifurcation to larger values of the pump intensity and may eventually suppress the bifurcation altogether ͓20͔. Therefore, this oscillation is associated with an energy transfer from large scales to small scales. The bifurcation is supercritical; close to I 1 , amplitude of the oscillations grows as ͱI s ϪI 1 , as shown in the inset of the third column of Fig.   1͑b͒ . Mathematically, this bifurcation is a spatial-period multiplying ͓6͔. Stationary instabilities with the same wave vector q ជ 1 have been observed in surface waves ͓11͔ leading to superlattices.
We next analyze the stability of the periodically oscillating hexagons. This limit cycle solution of Eq. ͑1͒ can be written in form ͑3͒ with time-periodic coefficients a n (t ϩT 1 )ϭa n (t), where T 1 ϭ2/ 1 . Including all the Fourier modes that have been excited in the previous bifurcation up to 5k h we have Nϭ369. Coefficients ␣ n (q ជ ) are now time dependent ␣ n (q ជ ,t) and its evolution is given by a set of linear differential equations with time-periodic coefficients
So, by the Floquet theorem the general solution has the form
where P(t) is a period-T 1 matrix and ⌳(q ជ ) is a timeindependent matrix. The limit cycle is numerically determined from Eq. ͑1͒ and matrix e ⌳(q ជ )T 1 is computed integrating Eq. ͑8͒ over period T 1 ͓21͔. Its 2N eigenvalues ͑Floquet multipliers͒ m j (q ជ ) determine the stability of the oscillating hexagons under any possible perturbation with wave vectors k ជ n 0 Ϯq ជ . It is sufficient to explore 1/6 of the first Brillouin zone of the hexagonal lattice in Fourier space whose fundamental wave vectors now have a modulus k h /ͱ3.
For pump intensities 0.470ϽI s Ͻ0.523, all the Floquet multipliers ͑except the one corresponding to the neutral mode͒ have modulus smaller than one and therefore, the oscillating hexagons are stable. For I s ϭ0.523 there is a couple of complex conjugate Floquet multipliers with nonvanishing imaginary part, which crosses the unit circle ͑Fig. 3͒. This Neimark-Sacker bifurcation ͓2͔ introduces a temporal frequency 2 ϭIm͓ln"m 0 (q ជ 2 )…͔/T 1 ϭ0.220 and therefore, the temporal behavior will be quasiperiodic. The frequency predicted from the Floquet analysis is in very good agreement with the second frequency present in the quasiperiodic time series obtained from numerical simulations of Eq. ͑1͒ ͓Fig. 1͑c͔͒. The unstable mode has a wave vector located at the vertex of Brillouin zone q ជ 2 ϭ(k ជ 1 0 ϩk ជ 2 0 )/3, k ជ 1,2 0 being fundamental wave vectors of this lattice. Since the fundamental wave vectors have now a modulus k h /ͱ3, ͉q ជ 2 ͉ϭk h /3. Thus, this second bifurcation introduces a characteristic wavelength 2 ϭͱ3 1 ϭ3 h ͓Fig. 1͑c͔͒. At this point, the solution the system displays has three characteristic spatial wavelengths and two temporal frequencies. The spatial structure of this series of bifurcations is equivalent, in hexagonal patterns, to the wavelength doubling bifurcations found in 1D systems ͓7͔. The temporal behavior, however, does not correspond to period doubling but to a quasiperiodic route ͓1͔.
The quasiperiodic oscillating hexagons are stable for pump intensities 0.523ϽI s Շ0.528. Note that the parameter range between successive bifurcations decreases. Numerical simulations done for different system sizes, including very large systems, indicate that the quasiperiodic hexagons become unstable for I s ϳ0.528. A close inspection to the far field shows that the system becomes unstable against longwavelength perturbations. A continuous of small wave vectors (qϳ0) grow and the whole background of Fourier modes become excited ͓Fig. 1͑d͔͒. Peaks are still located on a hexagonal lattice but the spatial structure of the oscillations is lost, so this is a regime of spatiotemporal chaos on top of a hexagonal lattice. The continuous of excited Fourier modes have a continuous of associated temporal frequencies that make the oscillations of the peaks temporally chaotic, showing a broadband power spectrum ͓Fig. 1͑d͔͒. behavior of the system shows a quasiperiodic route to chaos ͓1͔, namely, a chaotic regime is observed after the instability of a torus. In the study of these routes the spatial dependence is not considered but as we show here, it plays a very important role in extended systems. We have shown that each bifurcation introduces it's own spatial wavelength, making the system spatially more complicated. Chaotic hexagons are observed in quite a broad parameter range (0.528ՇI s Շ0.62). Finally, for pump intensities above I s ϳ0.62 a sudden change occurs. The spatial order is completely lost and all the Fourier modes with wave number close to k u become equally excited ͓Fig. 1͑e͔͒. This is a regime of spatiotemporal chaos where peaks at random positions grow and decay, producing circular waves that propagate in the transverse plane and dissipate away ͓22͔, a behavior somehow like in Langmuir turbulence in plasma ͓23͔. Equation ͑1͒ is, in fact, a modified nonlinear Schrödinger equation and the phenomenon of wave collapse ͓24͔ is behind the oscillation of the peaks in our system ͓22͔. Collapse is prevented by losses ͓25͔. This regime of optical turbulence is, for large values of the pump intensity, the attractor of the dynamics starting from random initial condition. In fact, it was already an attractor of the dynamics for lower values of the pump intensity, coexisting with the chaotic hexagons. The sudden instability of the chaotic hexagons may correspond to a crisis ͓1͔ caused by the collision of the chaotic attractor with an unstable manifold. In extended systems, a crisis has been found in a 1D system ͓26͔, where a temporally chaotic state leads to a spatiotemporal chaos regime due to a resonance with an unstable solution.
In summary, we have analyzed the transition from a stationary hexagonal pattern to chaotic hexagons and turbulence in the transverse plane of a prototypical nonlinear optical model. Stability analysis of both stationary and oscillatory hexagonal structures proves the existence of a Hopf bifurcation associated with a subdivision of the hexagonal structure in three superlattices and a subsequent Neimark-Sacker bifurcation that introduces another temporal frequency and a division in three, of each of the superlattices. Chaos appears through a long-wavelength instability, which is present only in extended systems. This instability leads to a spatiotemporal chaotic regime in which peaks are still located on a hexagonal lattice. Finally, spatial order is completely lost after a subsequent instability and the system enters in a regime of optical turbulence. We expect the scenario presented here to be relevant for systems displaying hexagonal patterns whose peaks undergo oscillatory instabilities. Also, the sequence of transitions up to chaotic hexagons can be relevant for hexagonal lattices of coupled oscillators.
